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Abstract 

We give a necessary and sufficient condition in terms of a matrix 
for which all Tate classes are Lefschetz for simple abelian varieties over 
an algebraic closure of a finite field. As an application, we prove under 
an assumption that all Tate classes are Lefschetz for simple factors of 
Fermat Jacobian of prime degree. 
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1 Introduction 

Let p be a prime number. Let ¥ p be a finite field with p-elements and let F 
be a fixed algebraic closure of ¥ p . Let i be a prime number different from p. 
Let A be an abelian variety over a finite subfield ¥ q of F and let A be the 
abelian variety Aq ®f 9 F over F. There is the cycle map 

cl\ : CfP(A) ®Q e — y H 2i (A, Q e (i)), 

where CH l (A) is the Chow group of algebraic cycles on A of codimension % 
modulo rational equivalence, and H 2l (A, Qi(i)) is the £-adic etale cohomology 
of A. Then we know that the image of the map cT A is contained in the space 
T e l (A) of £-adic Tate classes of degree i oia A which is defined as follows: 

Tg(A) := hmff 2i (A,Q,(z)) Gal ( F / L ). 

L/¥ q 



*The author is supported by JSPS Research Fellowships for Young Scientists. 



1 



Here L/¥ q runs over all finite extensions of ¥ q . We call the elements of the 
image of cl A the algebraic classes of degree i. 

Conjecture . For all i > 0, Im(cZ^) = 7J (A). 

This is conjectured by Tate [TJ1 Conjecture 1]. In this paper, we call 
the conjecture the Tate conjecture. The Tate conjecture for A implies the 
Tate conjecture for A /¥ q , that is, the cycle map cl l Ao : CB. l (A ) eg) — > 
H 2i (A,Q e (i)) GaX( - w / w ^ is surjective. On the other hand, Tate |15j proved that 
cl\ o is surjective for all abelian varieties over finite fields. Therefore all Tate 
classes of degree 1 are divisor classes on A. The elements of the Q^-subalgebra 
of % (A) := Te(A) generated by T/(A) are called the the Lefschetz classes 

i>0 

on A. If all £-adic Tate classes on A are Lefschetz, then the Tate conjecture 
holds for A. But there are examples where not all Tate classes are Lefschetz 
and the Tate conjecture holds ([2J Example 1.8]). If A is a product of elliptic 
curves, then all £-adic Tate classes on A are Lefschetz by a result of Spiess 
|13j . Zarhin [H], Lenstra and Zarhin [6j gave other example (c.f. 0, A. 7]). 
Kowalski [5] proved that for certain simple ordinary abelian varieties, all 
£-adic Tate classes are Lefschetz. In this paper, for a simple factor of the 
Jacobian of Fermat curve of prime degree, we give a necessary and sufficient 
condition for which all £-adic Tate classes are Lefschetz. 

Let m be a positive integer prime to p. Let J m be the Jacobian of Fermat 
curve of degree m defined by the equation 

x™ + x™ + x™ = C Pj^. 

Shioda-Katsura [TOj, Proposition 3.10] proved that J m is isogenous to a prod- 
uct of supersingular elliptic curves if and only if p u = —1 mod m for some 
v. If m is a prime I different from p, then the condition that p v = — 1 mod I 
for some v is equivalent to the condition that the residual degree / of p in 
Q(fii) is even. Hence if / is even, then a simple factor A of J\ is isogenous 
to a supersingular elliptic curve over F. In this case, all £-adic Tate classes 
on all powers of A are Lefschetz. In this paper, we consider in case that / is 
odd. 

To state main result, we recall Jacobi sum. Let a be an element of the 

set 

A\ := {(a , ai, a 2 ) | a* G Z/l, di ^0, a + a 1 + a 2 = 0}. 
Then Jacobi sum j(a) is defined by 

j( a ) = - Yl H v i) ai ^r. 

l + v 1 + + v 2 =0 
pJ 
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Here ip is a fixed character of order / of F* r . By definition, j(a) € <Q(fJ>i) 
where \i\ is the set of Z-th root of unity. We identify (Z//) x with the Galois 
group of Q(m)/Q. 

Let Aq be an absolute simple factor of the Jacobian of V\ over F p / and 
let A := A ® F. We denote by C(A) the center of End F (A) <g> Q. Let tt 
be the Frobenius endomorphism of A . Then ttq can be given by Jacobi sum 
(cf. [20J): tt = j(a) for some a G Therefore C(A) = Q(j(a)) and 

C(A) C Q(#). 

Our main result is the following: 

Theorem 1.1. Let I be an odd prime number different from p. Let A be a 

simple factor of the Jacobian of the Fermat curve of degree I over F. Let 

a = (do, 01,02) be an element of A] such that C(A) = Q(j(a)). Let H a be 

the Galois group of Q(^) / C (A) . Then all i-adic Tate classes on all powers 

of A are Lefschetz if and only if for any odd Dirichlet character x of (Z//) x 
2 

with x\n a = 1, ^x(ai) ^ 0. 

In particular, all l-adic Tate classes on all powers of A are Lefschetz in 
the following cases: 

(1) [C(A) : Q)) £ mod 6, 

(2) a is equal to an element of the form (a, a, b) up to permutation, 

(3) [C(A):Q)] = 2 s+1 -3(s>0). ' 

Corollary 1.2 (Corollary 14.11) . Let I be an odd prime number different from 
p. Let J(Ci) be the Jacobian variety of the hyperelliptic curve 

Q : y 2 = x l - 1. 

Then all i-adic Tate classes on all powers of J{C{) are Lefschetz. 

This corollary is an analogue of Shioda's result on Hodge conjecture for 
J(Ci)/C (P21 Corollary 5.3]). In case that p = 1 mod I, Shioda's argument 
in [12] works over finite fields and shows that the above corollary holds. 
The argument also shows that not all £-adic Tate classes are Lefschetz and 
the Tate conjecture holds for J(Cg). However in case that p ^ 1 mod I, 
the argument needs a similar result to the key lemma in Shioda's argument 
which is not proven (cf. [HI p. 181, Lemma]). In this paper, we use other 
argument. More precisely we use Milne's result [9] on the Tate conjecture 
(see §2). 

The key of the proof of Theorem 11.11 is to give a necessary and sufficient 
condition for which all £-adic Tate classes are Lefschetz for simple abelian 
varieties in terms of a matrix as follows: for a simple abelian variety A over 
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F, we define a matrix T4 whose rank depends only on A (see §3). Using 
Milne's result, we prove the following: 

Theorem 1.3 (Theorem 13.11) . Let A be a simple abelian variety over ¥ of 
dimension > 2. Then all i-a&ic Tate classes on all powers of A are Lefschetz 
if and only if rank T4 = r. Here r is the half of the number of all distinct 
embeddings C(A) —> C. 

This paper is organized as follows: in §2, we recall Milne's result on the 
Tate conjecture. In §3, we prove Theorem 11.31 and we calculate the matrix 
Ta in a special case (Theorem 13.41) . In the last section, we prove Theorem 
11.11 using the necessary and sufficient condition. 

Notation 

Through this paper, Q al denotes the algebraic closure of Q in C. For a finite 
etale Q-algebra E, E E := Hom(£, Q al ). If E is a field Galois over Q, we 
identify T, E with the Galois group Gal(.E/Q). 

For a finite set S, Z s denotes the set of functions / : 5" — > Z. 

An affine algebraic group is of multiplicative type if it is commutative 
and its identity component is a torus. For such a group W over Q, x(W) : = 
Hom(H / Qai, G m ) denotes the group of characters of W. 

For a finite etale Q-algebra E, (G m )#/Q denotes the Weil restriction 
Resg/Q(G m ) which is characterized by xd^m) e/q) — Z Sb . 

For an abelian variety A over F, End°(A) denotes End F (A)®Q, and C(A) 
denotes the center of Endp(A). 

2 Milne's result on the Tate conjecture 

We recall Milne's result on the Tate conjecture. For an abelian variety A 
over F, there are three important groups of multiplicative type L(A), M(A) 
and P(A) which act on H 2 *(A) := H 2i (A, Qi(i)). These groups are intro- 

duced by Milne [7], [8], [9], who proved that these groups are characterized 
by the following properties (see [9] p. 14, Lemma]): for all r, 

(a) H 2 * (A r ) L<yA) is the space of Lefschetz classes. 

(b) H 2 *(A r ) M<yA ' > is the space of algebraic classes, provided numerical equiv- 
alence coincides with £-adic homological equivalence. 

(c) H 2 *(A r ) p( - A ^ is the space of £-adic Tate classes on A r . 
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Statement (a) is proved by Milne [TJ. Statement (b) is proved by using a 
result of Jannsen [I]. Clozel [TJ proved that for an abelian variety A over 
F, there is a set of primes i of positive density for which £-adic homological 
equivalence and numerical equivalence coincide. Deligne [2] gives a more 
precise version of Clozel's result. Statement (c) is almost by definition of 
P(A). The following theorem is due to Milne [21 p. 14, Theorem]: 

Theorem 2.1. Let A be an abelian variety overW. Then P(A) C M(A) C 
L(A), and 

(i) the Tate conjecture holds for A if and only if P(A) = M(A); 

(ii) all l-adic Tate classes on all powers of A are Lefschetz if and only if 
P(A) = L(A). 

We now recall the definitions of the Lefschetz group and the group P as- 
sociated to an abelian variety over F, and recall a description of the character 
group of these groups. For properties and results on the groups, we refer to 
Milne [7J, [8] and [9]. 

Let A be an abelian variety over F. A polarization A : A — > A y of A 
determines an involution of Endp(A) which stabilizes C(A). The restriction 
of the involution to C(A) is independent of the choice of A. By f, we denote 
this restriction on C(A). 

Definition 2.2 ([7, 4.3, 4.4], pp.52-53], [9, A.3]). The Lefschetz group L(A) 
of A is the algebraic group over Q such that 

L{A){R) = {ae (C(A) <g> R) x | cW e R x } 

for all Q-algebras R. 

We can describe L(A) as a subgroup of (&m)c(A)/® m terms of characters 
as follows ([HI A. 7]): L(A) is a subgroup of (Q m )c(A)/® whose character group 
is 

(2.1) 



{SGZ^(A) \ g = Lgan d £^) = 0} 

Here tg is a function sending an element a of £c(A) to g(tcr), and ^2g(cr) 
denotes 5 l ( cr )- 



o-es 



C(A) 



Definition 2.3 (0 §4], P A.7]). Let A be a model of A over a finite field 
¥ q C F, and let 7r be the Frobenius of A . Then the group P(A) of A is 
the smallest algebraic subgroup of L(A) containing some power of ttq. It is 
independent of the choice of A . 
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To state Milne's result on the character group of P, we introduce Weil 
numbers and some notion which is related to Weil numbers. A Weil g-number 
of weight i is an algebraic number tt such that q N TT is an algebraic integer 
for some N and the complex absolute value |cr(7r)| is g J//2 , for all embeddings 
o : Q[tt] — > C. Then tt is a unit at all primes of Q[tt] not dividing p. We 
define the slope function s ff of tt as follows: for any prime p dividing p of a 
field containing tt, 

, , ord D (7r) 

sM = —fri- 2.2 

ordp(g) 

For the definition of Weil numbers, s 7r (p) + s w (ip) = i{= wt{ir)). Here i is 
complex conjugation on C. The slope function determines a Weil g-number 
up to a root of unity. 

Let 7r be a Weil p^-number and let tt' be a Weil p* -number. We say tt 
and tt' are equivalent if ir?' = tt'^ ■ £ for some root of unity (. We define a 
We^Z germ to be an equivalent class of Weil numbers. For a Weil germ tt, the 
slope function and weight of tt are the slope function (see (12.21) ) and weight 
of any representative of tt, and Q[tt] is defined to be the smallest subfield of 
Q al containing a representative of tt. 

Now assume that A is simple and that End°(A) = EndJ^Ao). Then the 
Frobenius endomorphism tt of A Q generates C(A) over Q, i.e. C(A) = Q[7r ]. 
We know that the Frobenius endomorphism tt of A is a Weil g-number of 
weight 1. Let tta denote the germ represented by ttq. Milne's result on the 
character of P(A) is the following ([91 A. 7]): let g be a character of £(^4). 
Then g is trivial on P(A) if and only if for all primes v dividing p of a field 
containing all conjugates cr(7r ), 

g(o-)s fJ7TA (v) = 0. (2.3) 



C(A) 



Note that s a7TA (v) = s nA (cr l v). 



3 Necessary and sufficient condition 

Let A be a simple abelian variety over F. Let A be a model of A over 
a finite subfield W q C F with property that EndF 9 (A)) = Endf(A). We 
take a finite Galois extension K of Q containing all conjugates of C(A). 
Let {pi,...,prf} be the set of primes of K dividing p. We assume that 
dim A > 2. Then C(A) is totally imaginary and CM field (cf. [HH p. 97]). 
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Let {<7i, . . . , a r , taxi ■ ■ ■ , ta r } be the set of all distinct embeddings C(A) — > C. 
We define a d x r matrix T4 as follows: 

1 

Ta = (%•), dij := s aj7TQ (pi) - - (1 < % < d, 1 < j < r). 

Then the matrix Ta is independent of the choice of the model A Q /¥ q , but 
depends on the ordering of the pi and the Uj. The rank of Ta depends only 
on A. Using Milne's result on the character group of L(A) and P{A), we 
prove the following: 

Theorem 3.1. Let A be a simple abelian variety over F of dimension > 2. 
Then P(A) = L(A) if and only z/rank Ta = r. 

We first describe the kernel of the natural map Z Sc ( A ) — > x(L(A)) in 
terms of a matrix. Let J be the (r + 1) x 2r matrix 

(o ~b)- - i) 

where I r is the r x r identity matrix. We consider the set of character 
functions for basis of Z Sc ( A > . We then have the following: 

Lemma 3.2. The kernel of the natural map : Z Sc < A > — > x(L(A)) coincides 
with the kernel of the map 

Z^C(A) %r+l de fi ned by J 

Proof. From (12.11) . the kernel of (j) is {g G Z Sc ( A ) | g = ig and ^g(er) = 0}. 
Here ig is a function sending an element a of £c(A) to g(tcr), and ^2g(o~) 
denotes g(°~)- Therefore the kernel of <fi is the kernel of the map 

Z^c(A) _^ z 2r+l defined by the (2r + 1) x 2r matrix 




By row operations, J' is equivalent over Z to 

2B 

r r ) 

where r is the r x r matrix with all entries equal to 0. From this we have 
Ker(J) = Ker(J'). □ 
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Next we describe the condition (I2.3P in terms of a matrix. Let T' be the 
d x 2r matrix (U V), where U is the d x r matrix (^.^(pj)) and V is the 
dxr matrix (s t(Tj7ro (pj)) (1 < z < d, 1 < j < r). From (12.31) . a character g 
of 1/(^4) is trivial on P(A) if and only if g belongs to the kernel of the map 
rtpc(A) jd defined by T. By Lemma E21 = P{A) if and only if 

Ker(J) = Ker(T'). Hence we deduce Theorem 13.11 from the following lemma: 

Lemma 3.3. Let notation be as above. 

(1) rank T' = rank + 1. 

(2) Ker(J) = Ker(T') if and only if rank T' — r + 1 

Proof. (1) From the equation s aj7To (pi) + s aj7To (ipi) = 1 for all i, j, we easily 
see that the matrix T' is column equivalent to the d x 2r matrix 



(C Od X ( r _i)j , C 



( l \ 

U \ 

\ V 



where Orf X (. r _i) is the d x (r — 1) matrix with all entries equal to 0. 

Since the complex conjugation i G G acts on the set {pi, . . . , p^}, after 
renumbering the pi if necessary, there is a positive integer t such that 

tpi = Pi+t for 1 < i < t, 

Lpi = pi for 2t + 1 < i < d. 

From this, we obtain that for each j, 

Sa^ {pi) + s a ^ (p i+t ) = 1 for 1 < i < t, 



Sa^oipij 



for It + 1 < % < d. 



(3.1) 



These equations show that the matrix C is row equivalent to the matrix 

/ 0\ 



0( t+ i) X ( r _i) 

0(d-t+l)x(r+l) 0(d_t+l)x(r-l) 







V 1 ••• 1 V 



where U" is the t x r matrix (s CT 7ro (pj) — |) (1 < i < t, 1 < j < r). 

On the other hand, from (13.1 p we also obtain that the matrix T4 is row 
equivalent to the matrix 

U" 

0(d-t)xr 



s 



Hence 

rank T' = rank C = rank U + 1 = rank T^ + l. 

(2) If Ker(J) = Ker(T'), then clearly rank T' = r + 1. 
Conversely assume that rank T' = r + 1. Then T' is row equivalent to a 
matrix of the following form 

ir+l ^ 
0(d-r-l)x(r+l) 0(d-r-l)x(r-l) 

Put D = (%). From the equation s CTj7ro (pj) + s^.^pi) = 1, we have 

1 + bu = 1 if i ^ l,r + 1, 
+ fry = 1 otherwise. 

Hence the matrix (I r +i D) is row equivalent to the matrix J, which implies 
Ker(T') = Ker((J r+1 D)) = Ker(J). □ 



3.1 Calculation in special case 

Applying Theorem 12.11 and Theorem I3.1[ we have the following: 

Theorem 3.4. Let A be a simple abelian variety over F of dimension > 2. 
Assume thatC(A)/Q is abelian with Galois group G. Then Then all l-adic 
Tate classes on all powers of A are Lefschetz if and only if for any character 
ip of G with <f(i) = — 1, 

Here e(a) = s wo (ap) — | where p is a prime of C(A) dividing p. 

In particular, all l-adic Tate classes on all powers of A are Lefschetz if 
one of the following condition holds: 

(1) G is cyclic of order 2 S+1 (s > 0), 

(2) G is cyclic of order 2 s+1 l with I odd prime and the order of End^A) 
in the Brauer group Br(C(A)) ofC(A) is odd. 

To prove this theorem, we need the following proposition: 

Proposition 3.5. Let A be a simple abelian variety over F. Assume that 
C(A) is Galois over Q. Let G be the Galois group of C(A) over Q. Let p 
be a prime ideal of C(A) lying over p. If the decomposition group G p of p 
in C(A) is a normal subgroup of G, then G p = 1, namely p is completely 
decomposed in C (A) . 
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Proof. Let a prime decomposition of tt q in C(A) be as follows: 



m= n 

ueG/G p 

Let t be an element of G p . Since G p is normal, we have (ttq) = (tttq) as 
ideals. From Lemma [3.61 below, we obtain that r = 1 and that G v = 1. □ 

Lemma 3.6. Let it be a Weil germ. Let ttq G Q[7r] 6e a representative of 
7i. Let K be a Galois extension of Q suc/i t/iat Q[7r] C K. Then there is no 
elements a G Gal(if/Q) satisfying the following conditions: 

(1) a fix the ideal (tt ), 

(2) a is not trivial on Q[tt]. 

Proof. We assume that there is an element o G Gal(K/Q) satisfying condi- 
tions (1) and (2). From condition (1), there is an unit u of the integer ring 
of K such that 7r = u ■ o"7r . For any r G Gal(fC/Q), we have \ru\ = 1 since 
|t7To| = q 1 / 2 . Here we used that ttq is a Weil g- number. Hence « is a root of 
unity. Therefore we have 7r™ = oix™ for some m > 0. Since a acts on the 
subfield Q(tt^) of Q[tt] trivially, Q(vr^) is not equal to Q[vr] by condition (2). 

On the other hand, since Q[7r] is the smallest field containing a represen- 
tative of tv, we obtain that Q[tt] C Q(7r™). Hence Q(vr™) = Q[n] which is a 
contradiction. □ 



Proof of Theorem 3.4 ■ By Theorem 12.11 and Theorem 13.11 our task is re- 
duced to calculate the matrix Ta- Since C(A) is Galois over Q, we may take 
K = C(A). Put G = {o"i, . . . , <x r , Lai, ■ ■ ■ , Lcr r }. Here i G G is the complex 
conjugate on C(A). Let p be a prime of C(A) dividing p. By Proposition 
13.51 the set {ap \ o G G} is the set of all primes of C(A) dividing p. Let e 
be the function G — > C defined as e(cr) = s^^crp) — | for a G G. From the 
proof of Theorem I3.1[ the matrix Ta is row equivalent to the matrix 

U" ' 

Orxr 

where U" is the rxr matrix (e(<Tj(T~ 1 )) (1 < i,j < r). Since rank Ta = 
rank £/", we obtain that rank Ta = r if and only if det(?7") 7^ 0. 

Now we calculate det([7 ). Let be the fixed character of G with = 
— 1. Let / : G — > C be the function defined as f(a) = 4>(a)e(a) for a G G. 
Then we have 



det(f/') = det ((/( 



10 



For any a G G, we have 

f{ur) = <P{ia)e{ta) = -0(a) (-e(a)) = f(a). 

Hence / is a function on G' := G/{1,l}. Now we need the following lemma: 

Lemma 3.7. Let G be a finite abelian group and let f be a function on G 
with values in some field of characteristic 0. Then 

Here if) runs over all character of G. 

For the proof of this lemma, see O Lemma 5.26]. 
From this lemma, we have 

det (/(ar- 1 ))^, =JJE / WW- ( 3 - 2 ) 

Here ?/> runs over all character of G ' . Furthermore, by elementary calculation, 
we have 

rhs of ©=^nE e ^)- 

<p o-eG 

Here ip runs over all character of G with (p(i) = —1. By the above argument, 
rank = r if and only if for any such 

o-eG 

This completes the proof of the first assertion of Theorem 13.41 

Now we put E{<f) := S ^^e{a)ip{a) and prove that E(<p) ^ in some 

o-GG 

cases. Let g be a generator of G. In case that condition (1) holds, then 

2 S -1 

E(ip) = 2 e(g l )ip(g l ). Since y?(g) is a primitive 2 s+1 -th root of unity, we 

have [Q(C) : Q] = 2 s . Therefore the set {1, C, C 2 , • • • , C 2 '" 1 } is a base of Q(C) 
over Q. Therefore if E((p) = 0, then we have 

e(l)= e (o) = --- = e(^- 1 ) = 0. 

From this, we have (7r ) = (p n ) as ideal in C(A) which is fixed by the action 
of i £ G. Here n := ord p (7i"o). By Lemma 13.61 we have i — 1, which is a 
contradiction. Therefore E((p) ^ 0. 
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Next we consider in case that the order of G is 2 s+1 l with I an odd prime. 
Then ^p(g) is a primitive 2 s+1 -th root of unity or a primitive 2 s+1 Z-th root of 
unity. If <f{g) is a primitive 2 s+1 /-th root of unity and if E(ip) = 0, then we 
have 

e(g i )x i = h(x) ■ (bix 2 ^ 1 + b 2 x 2S ~ 2 + ■■■ + b 2 s_ lX + b 2 s) 

i=0 

for some 6, G Q. Here h(x) := x 2 "^ 1 ) — x 2 "^ 2 ^ + • • • — x 2 " + 1 is the minimal 
polynomial to ip(g). From this equation, we obtain that for < t < 2 s — 1 
and for < i < I — 1, 

e{g 2H+t ) = (-l) J e(^). (3.3) 

Then the ideal (ir ) is fixed by g l because equation f)3.3p holds. This is a 
contradiction by Lemma [3.61 Hence E((p) ^ 0. 

If <p{g) is a primitive 2 s+1 -th root of unity and if E(ip) = 0, then by a 
similar argument in case that <p{g) is a primitive 2 s+1 /-th root of unity, for 
each < t < 2 s — 1 we have 

i-i 

i=0 

On the other hand, let n be the order of Endp(v4) in the Brauer group 
Br(C(yi)) of C(A). By class field theory, n is the smallest integer such that 
n ■ inv„(Endp(y4)) belongs to Z for all prime v of C(A). We here have 

inv„(End°(A)) = 8v (v)[C(A) v : Q p }. 

By Proposition 13.51 [C(A) V : Q p ] = 1. Hence, for any 1 < t < 2 s we have 

i-i 

n ■ J2(-iye(9 2Sl+t ) = \ mod Z. 
i=Q 

Since n is odd from the assumption, ^^(— l)*e((7 2Sl+t ) 7^ 0. Therefore E((p) 7^ 

i=0 

0. □ 



4 Proof of Theorem 1.1 



We here prove Theorem 11.11 We introduce some notation: For any c G 
(Z//) x , we denote by (c) the least natural number such that (c) = c mod I. 
We write i7 for the subgroup of (Z//) x generated by p. We identify (Z//) x 
with the Galois group of 
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Proof of Theorem By a result of Shioda-Katsura mentioned in Introduc- 
tion, we may assume that the residual degree / of p in Q(ji{) is odd and that 
dim A > 2. By Gonzalez's result [3j Theorem 3.3], we have 

2 2 
heH i=0 heH i=0 

Let G be the Galois group of C (A) / Q. Then we have 

G~(Z//) X /# Q . 

Let t G G be the complex conjugation on C(A). Then to give a character 
of G with </?(a) = —1 is equivalent to give a odd Dirichlet character x of 
(Z//) x with — 1- By Theorem 13. 4[ it suffices to show that for any odd 
Dirichlet character \ of (Z/Z) x with x|h q = 1> ^^ e ( cr )x(°") = if and only 

2 

if x( a i) — 0. Here e(cr) = Sj^(ap) — | where p is a fixed prime of C(A) 

i=o 
dividing p. 

Therefore for a such Dirichlet character x, we calculate e(<7)x(cr). We 

o-eG 

first consider e(cr). Let q be a prime of Q(/xz) dividing p. Then we have 

e(a) = s i(a) (cq) - i. 

Here c G (Z//) x is a representative of a. Hence we have 

J>(a) X (<r) = ^ ]T e(c) X (c), (4.2) 
o-eG ce(z//) x 

where d is the cardinality of H a and e(c) = Sj( a )(cq) — |. By the ideal 
decomposition of j(a) in Q(fJ>i) (cf. [10]), we have 

1 1 ^ A f{ha iC - 1 ) \ 1 



s i(c)W-2 = 7EE(" 



1 f ^ ^\ I J 2 

J heH i=0 



13 



From this equation and (14.21) . 



ce(z/o x ce(z/z) x i=0 fceff 

= 7^EE E (M-i)x(c) 

^ i=o /ieff C 6(z/i) x 

£*<«.>- E (O^r 1 

^ i=o heH ce(z/i)x 

= jdJ2^y 1 E < c >x( c ) _1 - 

«=o ce(z/o x 

Now our task is reduced to show that (c)x(cP 1 7^ 0. Let L(s, x) be the 

cG(Z//)x 

L-series attached to \. Then L(l,x) 7^ by [181 Corollary 4.4]. Furthermore 
by [HI Theorem 4.9], we have 

E (c)x(c)- l = b-L(l, X ), (&GC X ). 

ce(z/o x 

Hence the proof of the first assertion of the theorem is complete. 

Next we consider in case (1). Let g be a generator of (Z/Z) x . Let x be 

an odd Dirichlet character of (Z/7) x . Then Ker(x) is a subgroup of (Z/7) x 

generated by g m for some m\(l — 1). Now I — 1 = m/c for some k > 0. If 
2 

E/ ^( a «) = 0' then 1 + x^io-q 1 ) + X^^o" 1 ) = 0. Since x( c ) is a ro °t of 

i=0 

unity, by elementary computation x(ai«o 1 ) is a primitive cubic root of unity. 
Hence m is divided by 3. Moreover since x( — 1) = — 1 an d —1 = we 
obtain that m does not divide ^p. Hence m is even and fc is odd. Therefore 
m = mod 6. 

From the above argument, we see that if Z — 1 ^ mod 6, then the 
order of x is 110 1 divided by 6. Therefore we may assume that 1 — 1 = 
mod 6. Let H' be the subgroup of (Z/Z) x generated by g 6 . If [C(A) : Q] ^ 
mod 6, then H a <f_ H . For any odd character x °f (^/O* with x\n a = 1, 

we obtain that Ker(x) ^ . Therefore the order of x is not divided by 6. 

2 

From the above argument, we see that ^^x( a i) 7^ f°r anv such x- Hence 

8=0 

the assertion follows from the first assertion of the theorem. 
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Case (2) is easy. Let \ be an odd Dirichlet character of (Z/Z) x . If 

2 

a = (a ,ai,a 2 ) = (a,a,b) up to permutation and if ^^x( a «) = 0, then 

i=0 

x(a _1 6) = —2. This is a contradiction because 0(c) is a root of unity. 

Lastly we consider in case (3). From Theorem 13.4( 2). it suffices to show 
that the order n of End^(A) in the Brauer group Bi(C(A)) of C(A) is odd. 
By the proof of Theorem 13. 4| the order n is the smallest integer n such that 
n ■ s :) ( Q ,)(f) belongs to Z for all prime v of C(A). Now Sj^(v) = j for some 
m e Z. Therefore n is a divisor of /. Since / is odd, n is also odd. □ 

Corollary 4.1 (Corollary II. 2ft . Let I be an odd prime number different from 
p. Let J{C{) be the Jacobian variety of the hyperelliptic curve 

Ci : y 2 = x l - 1. 

Then all l-adic Tate classes on all powers of J{Cf) are Lefschetz. 

Proof. The hyperelliptic curve C\ is a quotient of the Fermat curve V\ (cf. 
[l~2l §5]). By Gonzalez's result [31 Theorem 3.3], J{C{) is a power of a simple 
abelian variety A such that C(A) = Q(j(a)) for some a = (a, a, 6) (cf. [T2]). 
Now the assertion follows from Theorem 11.11 (2). □ 
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